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Abstract

By distributing the training process, local approximation reduces the cost of the
standard Gaussian Process. An ensemble technique combines local predictions
from Gaussian experts trained on different partitions of the data by assuming a
perfect diversity of local predictors. Although it keeps the aggregation tractable,
this assumption is often violated in practice. Taking dependencies between experts
enables ensemble methods to provide consistent results. However, they have a
high computational cost, which is cubic in the number of experts involved. By
implementing an expert selection strategy, the final aggregation step uses fewer
experts and is more efficient. Indeed, a static selection approach that assigns a fixed
set of experts to each new data point cannot encode the specific properties of each
unique data point. This paper proposes a flexible expert selection approach based
on the characteristics of entry data points. To this end, we investigate the selection
task as a multi-label classification problem where the experts define labels, and each
entry point is assigned to some experts. The proposed solution’s prediction quality,
efficiency, and asymptotic properties are discussed in detail. We demonstrate the
efficacy of our method through extensive numerical experiments using synthetic
and real-world data sets.

1 Introduction and Related Works

Gaussian processes (GPs) [1] are interpretable and powerful Bayesian non-parametric methods for
non-linear regression. By applying Bayes’ theorem for inference, the posterior predictive distribution
of a GP is the best linear unbiased estimator (BLUE) under the assumed model and provides proper
quantification of the prediction error uncertainty. GPs do not need restrictive assumptions of the
model and can estimate complex linear and non-linear structures. While GPs are extensively used
in practical cases [2, 3, 4, 5, 6, 7], their cubic training and quadratic prediction costs 1 limit their
application to big data use cases [8].

To reduce computational expense, the prominent distributed Gaussian processes (DGPs) divide the
training data into numerous subsets. In this scenario, the local inference is conducted for each partition
separately, and then the local estimations are combined through ensemble learning [9, 10, 11]. A
local GP with expertise in a particular section is called an expert. Experts share the same hyper-
parameters, thus accounting for implicit regularisation and encountering overfitting [8, 12]. In a
DGP, the conditional independence (CI) assumption between partitions (i.e., between experts given
the target) allows for factorizing the global posterior distribution as a product of local distributions.
While this assumption reduces the computational cost, it results in inconsistencies and suboptimal

1I.e., in the size of the training set.
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solutions [13]. Relaxing the independence assumption raises the aggregation’s theoretical properties.
If the experts’ predictions are assumed to be random variables, their relative correlations define
dependencies between experts. The aggregated posterior distribution, in this case, provides high-
quality forecasts and is capable of returning consistent results [14]. However, solutions that deal with
the consistency problem suffer from extra computational costs induced by the need to find the inverse
of the covariance matrix between experts for each test point [12].

To boost the efficiency of dependency-based aggregation, authors in [15, 16] discuss complexity
reduction as an expert selection scenario that excludes a subset of original experts and considers only
the valuable experts in the aggregation. For this purpose, they use the Gaussian graphical model
(GGM), where the nodes are original experts, and the edges are their interactions. The nodes with
fewer interactions are defined as unimportant experts and excluded from the model. This approach
can lower the complexity and provide a good approximation for the original estimator. However, it is
not flexible concerning new entries, and the selected experts are fixed for all test points.

The critical contribution of our work lies in selecting a dynamic and entry-dependent subset of
local experts for each new data point using multi-label classification (MLC). We propose a flexible
mechanism for each new observation that designates related experts to provide local predictions.
Multi-label classification [17] is a generalization of multi-class classification, where multiple labels
may be assigned to each instance. To transform the distributed learning case into a multi-label
classification, the indices of the partitions/experts are the labels/classes. The task is to assign some
experts to a new data point. Multi-class classification problem that allocates only one expert per test
point produces discontinuous separation boundaries between sub-regions and therefore is not a proper
solution for quantifying uncertainties [18, 12].

In this work, we adopt two MLC algorithms to assign experts to data points: k-nearest neighbors
(KNN) and deep neural networks (DNN). For the first one, we use the partition’s centroid as a
substitute for the corresponding local expert. By estimating the distance between a new entry point
and the centroids, we can find its K nearest neighboring experts. For the second approach, we
train a neural network with a soft-max output layer and log-loss (i.e., cross-entropy loss) using the
train points and their related partition indices that shows the partition they belong to. After training
the DNN, we send a new test point through the network, and the experts with higher probability
are assigned to this test point. Relative to consistent aggregation methods that use dependency
information, our approach keeps all asymptotic properties of the original baseline and substantially
provides competitive prediction performance while leading to better computational costs than other
SOTA approaches, which use the dependency assumption.

The structure of the paper is as follows. Section 2 introduces the problem formulation and related
work. In Section 3, the proposed model and the inference process are presented. Section 4 shows the
experimental results, and we conclude in Section 5.

2 Problem Set-up

Background: We consider the non-linear regression problem y = f(x) + ϵ, where x ∈ Rd and
ϵ ∼ N (0, σ2), and the Gaussian likelihood is p(y|f) = N (f, σ2I). The objective is to learn the
latent function f from a training set D = {X, y} of size n. The GP then describes a prior distribution
over the latent functions as f ∼ GP (0, k(x, x′)), where k(x, x′) is the covariate function (kernel)
with hyperparameters ψ, and x, x′ ∈ X . The training step of GPs scales as O(n3) because it is
affected by the inversion and determinant of the n × n matrix C. It imposes limitations on the
scalability of GPs for large data sets. In distributed GP (DGP), one divides the full training data set
into M partitions (called experts) D′

= {D1, . . . ,DM} and trains standard GPs on these partitions.
All GP experts are trained jointly and share a single set of hyper-parameters θ = {σ2, ψ}. For a test
set X∗ of size nt, the predictive distribution of the i-th expert Mi is pi(y∗|Di, X

∗) ∼ N (µ∗
i ,Σ

∗
i ).

Aggregation: Aggregating the experts in a DGP is typically based on the assumption that they are
conditionally independent (CI). Therefore, for a test input x∗, the posterior distribution of DGP is
given as:

p(y∗|D, x∗) ∝
M∏
i=1

pβi

i (y∗|Di, x
∗), (1)
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where the weights β = {β1, . . . , βM} describe the importance and influence of the experts. The most
popular aggregation methods are the product of experts [19, 20] and Bayesian committee machine
[21, 8, 22]. However, their predictions are not accurate enough, and CI-based aggregation generally
returns a sub-optimal solution [23].

To consider dependencies between experts in the aggregation step, assume that the means of lo-
cal predictive distributions µ∗

i are random variables and µ∗(x∗) = [µ∗
1(x

∗), . . . , µ∗
M (x∗)]T be

an M × 1 vector that contains the centered predictions of M experts for a given test point
x∗ ∈ X∗. This allows us to consider correlations between the experts’ predictions and latent
variable y∗, kA(x∗) = Cov (µ∗(x∗), y∗(x∗)), and also leverage internal correlations between ex-
perts, KA(x

∗) = Cov (µ∗(x∗), µ∗(x∗)). Thus, for the test point, x∗ and sub-model predictions
µ∗(x∗), the aggregated predictor is defined as

y∗A(x
∗) = kA(x

∗)TKA(x
∗)−1µ∗(x∗). (2)

In [14], the authors showed that this linear estimator is the best linear unbiased predictor (BLUP).
This method is known as the nested pointwise aggregation of experts (NPAE) and provides high-
quality predictions. However, it needs the inverse of the M ×M auto-covariance matrix KA(x

∗),
and its time complexity is cubic in the number of experts, i.e., O(ntM

3), and it is not an efficient
solution for large real-world data sets.

3 Expert Selection in Local Approximation GPs

Despite the high aggregation accuracy in 2, its computational cost is a challenge for using the method
on large data sets. Expert selections can improve the performance of dependency-based aggregation
in two ways. First, unrelated experts for a given data point can be excluded, and only informative
partitions can be considered to make the prediction. Second, mitigating the number of experts reduces
the prediction cost and enables the ensemble to be used in large data sets.

3.1 Expert Selection Using Graphical Models

Gaussian graphical model (GGM) is the continuous form of pairwise Markov random fields. It
assumes the nodes of an undirected graph are random variables, and the joint distribution of the
random variables is multivariate Gaussian distribution with zero mean and precision matrix Ω,
N (0,Ω−1). The elements of the precision matrix are the unknown parameters and show interactions
between experts (edges in the graph). In the DGP framework, the experts’ predictions µ∗ are the
nodes in a GGM. Authors in [15] proposed an expert selection method that uses only the highly
connected nodes in the graph as the most critical experts in final aggregation defined in Equation 2.
Although this method can mitigate the computational cost, it selects a fixed and static set of experts
for all test points and, therefore, can not capture the specific properties of the new data points.

3.2 Multi-label Classification for Flexible Expert Selection

Assigning experts to new entry points in a distributed learning model can be a classification problem.
Let’s assume that each expert is a class of estimators. The selection problem for each test point
x∗ is defined as a multi-label classification task where each instance can be associated with some
classes. The main advantage of this method is its flexibility because the selected experts depend on
the given test point, and thus different experts can be assigned to different test points. Assume x∗
is a new test point and M = {M1, . . . ,MM} is the Gaussian experts set, and L = {1, . . . ,M} is
the label set. The task is to find MC(x∗) = {MC

1(x
∗), . . . ,MC

K(x∗)} that represents K selected
experts to predict at x∗. We adopt two prominent classification models to solve this multi-label task
without requiring problem transformations, K-nearest neighbors (KNN) and conventional deep neural
networks (DNN).

KNN: Let D′
= {D1, . . . ,DM} be the partitions based on a disjoint partitioning strategy, i.e. K-

Means clustering. Also, assume C = {C1, . . . , CM} contains the related centroids of the clusters in D.
For each test point x∗, there is a 1×M vector dist(x∗, C) , in which the i’th element is the distance
between x∗ and Di, where dist() is a distance metric. The adopted KNN selects K experts with the
closest centroids to x∗.
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DNN: For each xi ∈ X , i = 1, . . . , N , the related partition label li ∈ L is available as an output of
the training step in DGP. Therefore, instead of the original training set (X, y), a new set of points
and labels (X,L) is constructed for training the DNN. After that, for each test point, x∗ ∈ X∗, the
network will provide a probability vector PL(x∗) where PL(x∗)j represents the probability that x∗

belongs to the j’th expert. The K partitions with highest probabilities in PL(x∗) are assigned to x∗.

4 Experiments

To evaluate the prediction quality of static and dynamic expert selection methods, we use Concrete
Compressive Strength 2 data set. It is a small data set containing 1030 observations of 9 attributes
(8 independent variables and one response variable). We use %90 of the observations for training
and the rest for testing, where disjoint partitioning is used to divide the data set into ten subsets. The
quality of predictions is evaluated in two ways, standardized mean squared error (SMSE) and the
mean standardized log loss (MSLL) [1]. Figure 1 depicts the prediction quality of expert selection
methods on the Concrete data set for different values of K. The figure shows that multi-label-based
expert selection models provide higher quality predictions with lower deviation from the NPAE
model. The quality of the classification-based aggregations changes less as the selection parameter
K increases. The case K = 10 leads to the original NPAE baseline (the dashed green lines), and
both KNN and DNN return proper error values in both plots.

(a) SMSE (b) MSLL

Figure 1: Expert Selection prediction qualities of different experts selection methods compared to
original baseline, NPAE, from Concrete data set.

5 Conclusion

In this work, we have proposed a novel expert selection approach for distributed learning with
Gaussian agents, which leverages expert selection to aggregate dependent local experts’ predictions.
The available ensemble baselines use all correlated experts in the aggregation step. It affects the final
predictions by the local predictions of weak experts or leads to impractically high computational
costs. Our proposed approach uses a multi-label classification model, and the allocation of data
points to experts is defined by considering the experts as class labels. Unlike the available expert
selection method, the proposed model is more flexible to the model and data changes and chooses a
related group of experts at each entry point. Excluding unrelated experts at each test point improves
the prediction quality and reduces computational costs. The classification methods in this work,
i.e., KNN and DNN, can be replaced with recent and more efficient solutions proposed to solve the
multi-label classification problem. The proposed approach can be used for distributed and federated
learning and does not impose restricted assumptions.

2https://archive.ics.uci.edu/ml/datasets/concrete+compressive+strength
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