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Exact Gaussian Processes f ∼ GP(µ(x), k(x,x′))
<latexit sha1_base64="g5dkhw+hMH1FR33HCsmODeqabsk=">AAACKXicbVDLSsNAFL3xbX1FXepiUMQWSknqQhcuCi50WcG2QhPKZDqxQ2eSMDMRS+jvuPFX3Cgo6tYfcZIKPg8MnDnnXu69J0g4U9pxXq2p6ZnZufmFxdLS8srqmr2+0VZxKgltkZjH8jLAinIW0ZZmmtPLRFIsAk47wfAk9zvXVCoWRxd6lFBf4KuIhYxgbaSe3QiRp5hAnsB6QDDPTpvjsifSciEEYXYzrlTR8Nu3+kXRfqXSs3edmlMA/SXuJ9ltbEOBZs9+9PoxSQWNNOFYqa7rJNrPsNSMcDoueamiCSZDfEW7hkZYUOVnxaVjtGeUPgpjaV6kUaF+78iwUGokAlOZb6l+e7n4n9dNdXjkZyxKUk0jMhkUphzpGOWxoT6TlGg+MgQTycyuiAywxESbcEsmBPf3yX9Ju15zD2r1c5PG8SQNWIAt2IEyuHAIDTiDJrSAwC3cwxM8W3fWg/VivU1Kp6zPnk34Aev9A0SkpqY=</latexit>

f = {f(xi)} ∈ Rn
<latexit sha1_base64="b9KBBOPgG1ooDx5+iZvLyX2qEAs=">AAACG3icbVDLSgMxFL1TX7W+qi51ESxC3ZSZutCFQsGNyyr2AZ1aMmmmDc1khiQjlmH+w42/4saFIq4EF/6N6UPQ1gOBk3Pu5d57vIgzpW37y8osLC4tr2RXc2vrG5tb+e2dugpjSWiNhDyUTQ8rypmgNc00p81IUhx4nDa8wcXIb9xRqVgobvQwou0A9wTzGcHaSJ182Q2w7nt+4qfo3E384s//Pu2wIzdFLhNoonnJdXqbiLSTL9gleww0T5wpKVT2YYxqJ//hdkMSB1RowrFSLceOdDvBUjPCaZpzY0UjTAa4R1uGChxQ1U7Gt6Xo0Chd5IfSPKHRWP3dkeBAqWHgmcrRlmrWG4n/ea1Y+6fthIko1lSQySA/5kiHaBQU6jJJieZDQzCRzOyKSB9LTLSJM2dCcGZPnif1csk5LpWvTBpnkzQgC3twAEVw4AQqcAlVqAGBB3iCF3i1Hq1n6816n5RmrGnPLvyB9fkNQzyiNg==</latexit>

y = f + ε
<latexit sha1_base64="o0OimPi0EnbOJ1vMPv02afxWryQ=">AAACC3icbVDLSsNAFJ34rPUVFVfdDC2CIJSkLnShUHChywr2AU0ok+mkHTqZhJmJEEJ2Ltz4K25cKOJW3Lvzb5y0FbT1wMCZc+7l3nu8iFGpLOvLWFhcWl5ZLawV1zc2t7bNnd2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RRe63b4mQNOQ3KomIG6ABpz7FSGmpZ5adAKmh56dJBs/hz8fP4BF0SCQpy4sqVtUaA84Te0oq9f2P0uVdxWz0zE+nH+I4IFxhhqTs2lak3BQJRTEjWdGJJYkQHqEB6WrKUUCkm45vyeCBVvrQD4V+XMGx+rsjRYGUSeDpynxZOevl4n9eN1b+qZtSHsWKcDwZ5McMqhDmwcA+FQQrlmiCsKB6V4iHSCCsdHxFHYI9e/I8adWq9nG1dq3TOAMTFEAJlMEhsMEJqIMr0ABNgME9eATP4MV4MJ6MV+NtUrpgTHv2wB8Y799rD5zX</latexit>

p(f∗|y) = N (µ∗,Σ∗∗)
<latexit sha1_base64="rBFFC+5B2Hw85nt/NQObT/MfAn4="></latexit>

, where
µ∗ = Kx∗X(KXX + σ2I)−1y,

<latexit sha1_base64="H1fwRPn2LTn38e6bKNIrZvOlnmE="></latexit>

Σ∗∗ = k(x∗,x∗)−Kx∗X(KXX + σ2I)−1KT
x∗X.

<latexit sha1_base64="eRfxLGfot5d3fTfwyWUfS1go+Ik="></latexit>

Inducing points inducing values

variational distribution

U = {ui}mi=1,
<latexit sha1_base64="wnnX/B5TU0uGXUWpXrxnoqmYBsY=">AAACDXicbVDLSsNAFL2pr1pfUZe6CFbBhZSkLnRhoeDGZQXTFpoaJtNJO3TyYGYilJAfcOOvuHGhiFv37vwbJ6mCth4YOHPOvdx7jxczKqRpfmqlhcWl5ZXyamVtfWNzS9/eaYso4ZjYOGIR73pIEEZDYksqGenGnKDAY6TjjS9zv3NHuKBReCMnMekHaBhSn2IkleTqh06A5MjzUztrOOnPJ8lc6mRuShtWdhucuHrVrJkFjHlifZNqcx8KtFz9wxlEOAlIKDFDQvQsM5b9FHFJMSNZxUkEiREeoyHpKRqigIh+WlyTGUdKGRh+xNULpVGovztSFAgxCTxVma8rZr1c/M/rJdI/76c0jBNJQjwd5CfMkJGRR2MMKCdYsokiCHOqdjXwCHGEpQqwokKwZk+eJ+16zTqt1a9VGhfTNKAMe3AAx2DBGTThClpgA4Z7eIRneNEetCftVXublpa0755d+APt/Qu19pyZ</latexit>

g = {gi}mi=1,
<latexit sha1_base64="8jQxZssxxzyHu0eQVVXyIjQsTas=">AAACD3icbVDLSsNAFL2pr1pfVZe6GCyKCylJXejCQsGNywr2AU0Mk+mkHTp5MDMRSsgfuPFX3LhQxK1bd/6Nk1ZQWw8MnDnnXu69x4s5k8o0P43CwuLS8kpxtbS2vrG5Vd7eacsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON7rM/c4dFZJF4Y0ax9QJ8CBkPiNYacktH9kBVkPPTwcZqiM7/fm6zM7clNWt7DY4ccsVs2pOgOaJ9U0qjX2YoOmWP+x+RJKAhopwLGXPMmPlpFgoRjjNSnYiaYzJCA9oT9MQB1Q66eSeDB1qpY/8SOgXKjRRf3ekOJByHHi6Ml9Xznq5+J/XS5R/7qQsjBNFQzId5CccqQjl4aA+E5QoPtYEE8H0rogMscBE6QhLOgRr9uR50q5VrdNq7VqncTFNA4qwBwdwDBacQQOuoAktIHAPj/AML8aD8WS8Gm/T0oLx3bMLf2C8fwF34pzx</latexit>

q(g) ∼ N (m,S).
<latexit sha1_base64="I4mlO8mva1CfGmTvwMBx8JRJQOc=">AAACIHicbZDNSsNAFIVv/K31r+pSF4NFUJCS6EIXLgpuXElFq4UmlMl00g6dSeLMRCghj+LGV3HjQhHd6dM4Tato64WBj3PuZe49fsyZ0rb9YU1Nz8zOzRcWiotLyyurpbX1axUlktA6iXgkGz5WlLOQ1jXTnDZiSbHwOb3xe6cD/+aOSsWi8Er3Y+oJ3AlZwAjWRmqVjm53XYF11w/STraHXMUEygWCeXqe/Zgi20fffJntVVqlsl2x80KT4IygXN2CvGqt0rvbjkgiaKgJx0o1HTvWXoqlZoTTrOgmisaY9HCHNg2GWFDlpfmBGdoxShsFkTQv1ChXf0+kWCjVF77pHOyoxr2B+J/XTHRw7KUsjBNNQzL8KEg40hEapIXaTFKied8AJpKZXRHpYomJNpkWTQjO+MmTcH1QcQ4rBxcmjZNhGlCATdiGXXDgCKpwBjWoA4F7eIRneLEerCfr1Xobtk5Zo5kN+FPW5xcUVqOO</latexit>

Approximate inference p(f∗|y) ≈
∫

p(f∗|g)p(g|y)dg,
<latexit sha1_base64="AjxOESY/GFw0Zokgr1NhAWe1poU="></latexit>

p(f∗|y) ≈ q(f∗) = N (m∗,S∗),
<latexit sha1_base64="hhOz5BZOieTa+4z1yShMx3k5/gs="></latexit>

where

m∗ = Kx∗UK−1
UUm,

<latexit sha1_base64="i5R1psV9O2QbLM64x7+pL6Hf+M8="></latexit>

S∗ = Kx∗x∗ +Kx∗U(K−1
UUSK−1

UU −K−1
UU)KUx∗ .

<latexit sha1_base64="0iLlBOS/wkwp6ZSYvUbaiOt/ghE="></latexit>

Variational inference minimize KL(q(g)||p(g|y)).
<latexit sha1_base64="oiMH6CYmvmosPnNqFMYop9bfmVE="></latexit>

Stochastic variational GP (SVGP)

p(y) ≥ 〈p(y|f)〉q(f) − KL(q(g)||p(g)).
<latexit sha1_base64="b8f9p6FI1Iv2uJqXC7mqPsv3d3Y="></latexit>

Evidence Lower Bound (ELBO)

ELBOSVGP =
n∑

i=1

{
logN (yi|µf (xi),σ

2)− σf (xi)2

2σ2

}
− KL(q(g)||p(g)),

<latexit sha1_base64="3xJVpDk0YO9mKwre77n/U/ScTbY="></latexit>

Parametric Gaussian process regressors (PPGPR)

Differentiating ELBO gives an optimal variational distribution:

ELBOPPGPR =
n∑

i=1

logN (yi|µf (xi),σ
2 + σf (xi)

2)− KL(q(g)||p(g)).
<latexit sha1_base64="0cnTzI3aGVV/6MqJEI4kCZt33Hc="></latexit>

q∗(g) = N (m̃, S̃) = N (σ−2KUUΣKUXy,KUUΣKUU),
<latexit sha1_base64="hmf0Dv3MrVRUhBj1NiACYebYBb8="></latexit>

where, Σ = (KUU + σ−2KUXKXU)−1.
<latexit sha1_base64="QoxuDWNmLmpo/tGNkAc/czM4xWU="></latexit>

Exact inference

Plugging the optimal distribution            back to the predictive 

density, we have the mean predictor

µGP = Kx∗U(σ2KUU +KUXKXU)−1KUXy
<latexit sha1_base64="uzEPFxYobPN5dg4qrLbCisbtZJc="></latexit>

:= Kx∗UcGP.
<latexit sha1_base64="GLDdBR7m9aJYh7Jm7cWR9Y8jBSU="></latexit>

q∗(g)
<latexit sha1_base64="FPmQQGSa/wHs21R0avc077QA54Q=">AAAB+HicbVC7TsMwFL0pr1IeDTDCYFEhFYYqKQMMDJVYGItEH1IbKsd1WquOE2wHqUT9EhYGEGLlU9j4G5y2A7QcydLROffqHh8/5kxpx/m2ciura+sb+c3C1vbObtHe22+qKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dZ37rkUrFInGnxzH1QjwQLGAEayP17OLD/Vm5G2I99IN0MDnt2SWn4kyBlok7J6XaEUxR79lf3X5EkpAKTThWquM6sfZSLDUjnE4K3UTRGJMRHtCOoQKHVHnpNPgEnRilj4JImic0mqq/N1IcKjUOfTOZRVSLXib+53USHVx6KRNxoqkgs0NBwpGOUNYC6jNJieZjQzCRzGRFZIglJtp0VTAluItfXibNasU9r1RvTRtXszYgD4dwDGVw4QJqcAN1aACBBJ7hFd6sJ+vFerc+ZqM5a75zAH9gff4AlmSTDg==</latexit>

Figure 1: Training and testing performance comparison of SVGP-random (random initialization), SVGP-kmeans (kmeans initialization), SVGP-pivhol (pivoted 
Cholesky initialization) and SVGP-lm (the proposed LM initialization) on three datasets (Pol, Elevators and Kin40k from top to bottom row). The performance 
metrics are, from left to right column, training RMSE, training NLL, testing RMSE, and testing NLL. Clearly, with the proposed LM initialization, SVGP training is 
significantly improved with much better training and testing performance on these datasets.

X = {xi}ni=1 ∈ Rn×d,
<latexit sha1_base64="+BygN8i43qFirYGm//WblWw56MM="></latexit>

X = {xi}ni=1 ∈ Rn×d,
<latexit sha1_base64="+BygN8i43qFirYGm//WblWw56MM="></latexit>

Given y = {yi} ∈ Rn,
<latexit sha1_base64="ZFbU8fJZ4O3OE2jHO3gLZk3e4xM=">AAACGXicbVDLSgMxFL1TX7W+qi51ESyCCykzdaELhYIbl1XsAzq1ZNJMG5rJDElGKMP8hht/xY0LRVzqyr8xnRbU1gOBk3Pu5d57vIgzpW37y8otLC4tr+RXC2vrG5tbxe2dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94eXYb95TqVgobvUoop0A9wXzGcHaSN2i7QZYDzw/GaXowk1+fl3mpshlAk0kL7lJ7xKRHneLJbtsZ0DzxJmSUnUfMtS6xQ+3F5I4oEITjpVqO3akOwmWmhFO04IbKxphMsR92jZU4ICqTpJdlqJDo/SQH0rzhEaZ+rsjwYFSo8AzleM11aw3Fv/z2rH2zzoJE1GsqSCTQX7MkQ7ROCbUY5ISzUeGYCKZ2RWRAZaYaBNmwYTgzJ48TxqVsnNSrlybNM4naUAe9uAAjsCBU6jCFdSgDgQe4Ale4NV6tJ6tN+t9Upqzpj278AfW5zct0KGr</latexit>

inducing points U = {ui}mi=1,
<latexit sha1_base64="NCS/E44TwJNfbFYVyV0ueCf/tq0=">AAACD3icbVDLSsNAFL2pr1pfUZe6CBbFhZSkLnRhoeDGZQXTFpoaJtNJO3TyYGYilJA/cOOvuHGhiFu37vwbJ6mCth4YOHPOvdx7jxczKqRpfmqlhcWl5ZXyamVtfWNzS9/eaYso4ZjYOGIR73pIEEZDYksqGenGnKDAY6TjjS9zv3NHuKBReCMnMekHaBhSn2IkleTqR06A5MjzUztrOOnPJ8lc6mRuShtWdpsG2YmrV82aWcCYJ9Y3qTb3oUDL1T+cQYSTgIQSMyREzzJj2U8RlxQzklWcRJAY4TEakp6iIQqI6KfFPZlxqJSB4UdcvVAahfq7I0WBEJPAU5X5wmLWy8X/vF4i/fN+SsM4kSTE00F+wgwZGXk4xoBygiWbKIIwp2pXA48QR1iqCCsqBGv25HnSrtes01r9WqVxMU0DyrAHB3AMFpxBE66gBTZguIdHeIYX7UF70l61t2lpSfvu2YU/0N6/AJYRnaU=</latexit>

and a kernel k(·, ·),
<latexit sha1_base64="sNegBEs5MLfWB0qiPIpFH/X++II=">AAAB+XicbVDLSsNAFL2pr1pfUZe6GCxChVKSutCFi4IblxXsA9pQJpNJO3QyCTOTQgn9EzcuFHHrn7jzb5ymXWjrgcs9nHMvc+f4CWdKO863VdjY3NreKe6W9vYPDo/s45O2ilNJaIvEPJZdHyvKmaAtzTSn3URSHPmcdvzx/dzvTKhULBZPeppQL8JDwUJGsDbSwLbHlT4JYl1FebuqDuyyU3NyoHXiLkm5cQ45mgP7qx/EJI2o0IRjpXquk2gvw1Izwums1E8VTTAZ4yHtGSpwRJWX5ZfP0KVRAhTG0pTQKFd/b2Q4Umoa+WYywnqkVr25+J/XS3V462VMJKmmgiweClOOdIzmMaCASUo0nxqCiWTmVkRGWGKiTVglE4K7+uV10q7X3Ota/dGkcbdIA4pwBhdQARduoAEP0IQWEJjAM7zCm5VZL9a79bEYLVjLnVP4A+vzB2v0kuE=</latexit>

a kernel-based least squares approximation is

s(x) =
m∑

i=1

cik(x,ui),
<latexit sha1_base64="yTHq5dFfAHt8YXg+/CDiPnMKBEI="></latexit>

Where     is the fitting coefficients from solvingc
<latexit sha1_base64="TploH9xm5wpv1zHBJAYoHXM8XGI=">AAAB8XicbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWlgEbCwjmAcmS5idzCZDZmeXmbtCWPIXNhaK2Po3dv6Ns8kWmnhg4HDOvcy5J0ikMOi6387a+sbm1nZpp7y7t39wWDk6bps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwozNBpWqW3PnIKvEK0gVCjQHla/+MGZpxBUySY3peW6CfkY1Cib5rNxPDU8om9AR71mqaMSNn80Tz8i5VYYkjLV9Cslc/b2R0ciYaRTYyTyhWfZy8T+vl2J47WdCJSlyxRYfhakkGJP8fDIUmjOUU0so08JmJWxMNWVoSyrbErzlk1dJu17zLmv1e7fauCnqKMEpnMEFeHAFDbiDJrSAgYJneIU3xzgvzrvzsRhdc4qdE/gD5/MH25CRAQ==</latexit>

minc∈RmL(c) = minc∈Rm{‖KXUc− y‖2 + σ2‖c‖2KUU
}.

<latexit sha1_base64="5AbFBTq4b+KLWuZpEoXE4aVYb3w="></latexit>

With solution  cLS = (σ2KUU +KUXKXU)−1KUXy,
<latexit sha1_base64="dTsXNd2ukVfRX6bOuo0TFEbPleE="></latexit>

the mean predictor is s(x∗) = Kx∗UcLS = µGP .
<latexit sha1_base64="ljpdvrAtb1z+I6lNnT1d1cJI38E="></latexit>

Motivation

- The mean predictor here matches with that of variational GP  
using the optimal variational distribution. 
- Therefore, if good inducing points and hyperparameters can  
be found here, they should guarantee good mean predictor of  
variational GP as well. 

Key idea: variable projection. 

Use LM to solve the projected nonlinear least squares problem

min
U,θ

Lp(U, θ) = min
U,θ

‖(I −AA†)ȳ‖2 := ‖r(U, θ)‖2,
<latexit sha1_base64="2M4Deerm0qMu4Yk++8TayvGLLbc="></latexit>

where ȳ = [y;0],
<latexit sha1_base64="L7BIpLCOWXAeOH5ZBG+X5pB5Qog=">AAACGHicbVDLSsNAFL2pr1pfVZe6GCyCC6lJXSioUHDjsoJ9QBLKZDpph04ezEyEEvIZbvwVNy4Ucdudf+M0LT6qBwbOPede5t7jxZxJZZofRmFhcWl5pbhaWlvf2Nwqb++0ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadsbXk/89j0VkkXhnRrF1A1wP2Q+I1hpqVs+cTwsUifAauD56SjL0BWy0Xd9gb4KM0PucbdcMatmDvSXWDNSqe9Djka3PHZ6EUkCGirCsZS2ZcbKTbFQjHCalZxE0hiTIe5TW9MQB1S6aX5Yhg610kN+JPQLFcrVnxMpDqQcBZ7unCwp572J+J9nJ8o/d1MWxomiIZl+5CccqQhNUkI9JihRfKQJJoLpXREZYIGJ0lmWdAjW/Ml/SatWtU6rtVudxuU0DSjCHhzAEVhwBnW4gQY0gcADPMELvBqPxrPxZrxPWwvGbGYXfsEYfwJVf5/w</latexit>

A = [KXU;σLT
UU].

<latexit sha1_base64="J8WOGRp63Iq+YlghV0f4CqG46vg=">AAACK3icbVDLSgMxFL3js9bXqEtdBEVwVWZ0oaBC1Y2giwqdWmjHkkkzbWjmQZIRyjD/48ZfcaELH7j1P0wfYm09EDiccy6593gxZ1JZ1rsxNT0zOzefW8gvLi2vrJpr6xUZJYJQh0Q8ElUPS8pZSB3FFKfVWFAceJzeep2Lnn97T4VkUVhW3Zi6AW6FzGcEKy01zPMzdFq7aqT1AKu256fVDP1QJ8uOUV2yVoDR9W/CyUYCd2W30DB3rILVB5ok9pDsFLegj1LDfK43I5IENFSEYylrthUrN8VCMcJplq8nksaYdHCL1jQNcUClm/ZvzdCuVprIj4R+oUJ9dXQixYGU3cDTyd6actzrif95tUT5R27KwjhRNCSDj/yEIxWhXnGoyQQlinc1wUQwvSsibSwwUbrevC7BHj95klT2C/ZBYf9Gt3EyaANysAnbsAc2HEIRLqEEDhB4gCd4hTfj0XgxPozPQXTKGM5swB8YX9+B5aiH</latexit>

Figure 2: Training and testing performance using LM initialization of different LM iteration. LM-X indicates 
the initialization is from running X LM iterations. We see that in this case, 10 iterations work pretty well, 
and increasing number of iterations to 50 or 150 does not improve the training significantly. 


